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Results of an evaluation of the approximation accuracy of the temperature integral 
obtained by means of different approximation equations are presented. The usability 
for approximation purposes of the Schloemilch, asymptotic, Bernoullie and Vallet 
series, depending on the number of expansion terms used in calculations, and the Doyle 
logarithmic, Zsak6, Coats--Redfern and Turner--Schnitzer--Gorbachev equations 
has been evaluated. Boundary values of z, above which the approximation accuracy 
of a given equation is higher than or equal to the assumed one, are given. 

The already widespread measurements o f  the kinetics o f  chemical reactions 
under  linear temperature increase conditions have emphasized the need for a 
knowledge of  the value o f  the integral shown below when elaborating experimental 
results : 

Ta 

J = j" exp ( - E / R T )  d T  (1) 
To 

where E is the activation energy, R the gas constant  and T, T o and T~ are the 
absolute, initial and final temperatures,  respectively. 

This integral can be rearranged to a simpler fo rm by introducing 

Hence 

where 

or  in another  way 

where 

x = E / R T  (2) 

J= S-R 
z0 

exp ( -  x) 
X 2 

dx (3) 

Zo = E/RTo (4) 

E 
J = ~ (L ( z )  - L(zo))  

L ( z )  = 

oo 

t " exp ( - x )  
x2 - dx  

z 

(5) 

(6) 
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Integral L(z) is a convergent integral and cannot be expressed in the form of 
elementary functions. Thus, for practical purposes, L(z)values [1, 2] taken 
from tables or calculated from approximative equations [3] are used. 

The accuracy of different approximative equations is different and for a given 
approximative equation it may also be different for different z values. With regard 
to the method of calculating the value of integral J via Eq. (5), it is important 
that the approximation errors of both integrals L(zo) be of the same sign. Since 
this error has the character of  a systematic one, it is constant with regard to its 
sign within a given variability range. 

The aim of the present paper is to evaluate the accuracy of the approximation 
to the integral L(z) using generally encountered approximative equations. For 
each approximative equation discussed here, the approximation error has been 
calculated and its sign is given. Calculations were made for z (1.70) every 5 units. 
This range covers most of the values encountered in practice. 

In this paper an analysis is made merely of approximative equations which are 
given in the form of a function of variable z. Other equations, e.g. the Mac- 
Ca l lum-Tanner  equation [4], where E and T are in the apparent form, will be 
analyzed separately. The error of  the approximative equation is defined by 

D - A  
B = - -  100 ~ (7) 

D 

where D is the accurate value of integral L(z), and A is the value calculated from 
the given approximative equation. The value B of the error has been assumed as 
the basis for determining the limits of applicability of the respective approximative 
equations. The intermediate values of the error have been calculated by the method 
of  linear interpolation. Hence, the boundary values shown in the tables are higher 
than the accurate ones. 

The numerically calculated values of integral L(z) have been assumed as values 
D. The calculations of the value D were carried out twice, using the Gauss and 
Simpson methods [5]. The error of value D was found not to be higher than 
1.10 -8 of the value of L(z). The calculated D values are in agreement with 
those given by Doyle [1]. 

The Schloemilch series [6] 

The Schloemilch series, often encountered in the literature [3, 7, 8], is given 
to an accuracy of two, four or eight terms 

L(z) ~ e x p ( - z )  (1 1 2 4 
z(z + 1) (z + 2~ + (z + 2)(z + 3) - (z + 2 ) . . .  (z + 4) 

14 38 
+ (z + 2 ) . . .  (z + 5 ) -  (z + 2 ) . . .  (z + 6) + 

216 600 } 
+ (z + 2 ) . . .  (z + 7 ) -  (z + 2 ) . . .  (z + 8) + " ' "  (8) 
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As a particular case of the Schloemilch series, the Turner -Schni tze r  equation 
[9] may be considered, which has been presented for the second time by Gor- 
bachev [10]. This equation has been obtained from Eq. (8) by limiting this series 
to the two first terms. In order to evaluate the effect of the expansion of the 
Schloemilch series on the approximation accuracy, calculations were made limit- 
ing this series to two, three or more terms. 

The calculations carried out have shown that the Schloemilch series approxi- 
mates the L(z) integral very well. The accuracy of approximation increases very 
rapidly with the increase of the number of terms used, as well as with the increase 
of  z. For  z = 70, the accuracy of  the eight-term series is more than 1.10-87oo. 
The values of error B are positive when the series has an even number of terms, 
being negative in the opposite case. For the Schloemilch series limited to five or 
eight terms, a change in the sign of error B is observed when z < 5. Boundary 
values z are given in Table 1, above which expansion of the Schloemilch series 
will make it possible to determine value L(z) with an accuracy equal to or higher 
than the assumed one. The data contained in Table 1 confirm Zsak6's opinion [ 11 ] 
on the accuracy of the T u r n e r - S c h n i t z e r - G o r b a c h e v  equation. For  z > 18 an 
accuracy of the above mentioned equation higher than 0 .5~  was obtained. 
Attention must only be paid to the fact that for less accurate calculations, with 
an accuracy of about 3 ~ ,  the Schloemilch series limited to the first term alone 
is sufficient. 

Table 1 

Boundary  values of  z for the Schloemilch series for an assumed approx imat ion  error  

Number of 
expansion 

terms 

30.5 
6.0 
1.3 
2.0 
1.0 
1.0 
1.0 
1.0 

Approximation error not above 
% 

aL 
4.0 
2.9 
1.0 
2.1 
1.0 
1.2 

0.5 

# 
17.7 
5.8 
4.2 
1.0 
2.6 
1.9 
2.2 

0.1 

# 
42.0 
13.0 

8.7 
3.3 
4.1 
3.0 
3.0 

0.01 

# 
# 

30.6 
16.0 

9.3 
8.9 
3.7 
4.9 

0.001 

69.9 
30.8 
17.5 
13.5 

4.8 
9.5 

Sign 
o f  e r r o r  

m 

+ 

+ 

+ 

+ 

Remarks 

Turne r -Schn i t ze r -  
Gorbachev  equa- 
t ion 

Asymptotic series 

The asymptotic series is used relatively often in the calculations: 

( 2 , 3 ,  n, ) 
L(z) - exp ( - z )  1 -- - -  + Z2  + . . .  + ( - -  1) n+ l  2 ( n i 5  

Z 2 Z 
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According to Flynn and Wall [3], this series may be used for z > 10, provided 
the number of terms used is lower than z. The Doyle [1 ] and C o a t s "  Redfern 
equations [12] are special cases of the asymptotic series. They are obtained from 
the asymptotic series by discarding all terms of  the expansion excepting the first 
(Doyle) or the first two (Coats-Redfern) .  

Generally the asymptotic series may be used for approximating integral L(z) 
when z > 10. Due to rapid improvement in the approximation accuracy around 
z = i0, the boundary values for the approximation accuracy levels equal to 3 ~,  
1 ~o and 0.5 ~ differ inconsiderably from one another. More accurate data are 
shown in Table 2. Values calculated for a given z are higher than the accurate 
ones (B < 0) when an odd number of terms of the asymptotic series are used; 
in the opposite case these figures are lower. The approximation accuracy of the 
asymptotic series rapidly increases with the increase of z and the increase in the 
number of expansion terms. For  z = 70 and an expansion of eight terms, the 
approximation accuracy is 5 �9 10-s %. 

It  results from Table 2 that Doyle's equation is characterized by a low accuracy. 
Doyle's equation has an error lower than 10% for z > 20, and an accuracy 
< 5 ~ is achieved only when z > 40. The calculated boundary value z for the 

Coa t s -Redfe rn  equation practically agrees with the value given by Zsak6 for 
B - -  0.5% [11]. 

Table 2 

Boundary values of z for the asymptotic series for an assumed approximation error 

Number  of  
expansion 

terms 

65.0 
14.0 
14.6 
9.1 
9.1 
9.2 
9.5 
9.6 

Approximation error not above 
% 

13.6 
10.0 
9.8 
9.8 
9.8 
9.8 

0.5 

16.6 
12.9 
10.2 
10.0 
10.0 
10.0 

0.1 

28.4 
18.6 
14.7 
13.9 
13.3 
12.9 

0.01 

61.4 
32.7 
32.5 
19.3 
17.4 
15.0 

0.001 

58.3 
36;8 
28.2 
23.8 
20.3 

Sign of  
error 

+ 

+ 

§ 

§ 

Remarks 

Doyle equation 
Coats-Redfern 

equation 

Bernoulli series 

According to Flynn and Wall [3], the Bernoullie series may be used for = > 2: 

L(z) ,,~ exp z ( -  z) [ -  0.0000035 __0"998710z + 1.98487646z ~ - 4.9482092z 3 + 

+ 
11.7850792 20.452340 21.1491469 9.5240411 

z4 z S - -  + z8 z7 +_ 0.35" 10-s/ (10) 
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The calculations carried out  indicate the low usability o f  the Bernoulli series 
for the approximat ion of  integral L(z). The approximat ion  error  decreases very 
slowly with the increase o f  z and the number  o f  expansion terms used. For  z > 15, 
use of  more than four  terms of  the expansion practically does not  improve the 
approximat ion accuracy. For  z = 70 and an eight-term expansion, the approxima-  
tion error  is 0.1 ~ .  The use o f  the Bernoulli series for z < 9 requires special 
caution, as in this range a change in the sign o f  error B is observed for a four  
and eight-term expansion. More  accurate data are given in Table 3. 

Table 3 

Boundary values of z for the Bernoulli series for an assumed approximation error 

Number o f  
expansion 

terms 

1 

2 
3 
4 
5 
6 
7 
8 

Approximation error not above 
% 

! 
63.5 # 
14.0 24.6 
20.0 20.0 
7.0 9.6 
5.0 5.0 
5.0 5.0 
5.0 5.0 

0.1 0.01 0.001 

Sign of  
error 

# 
37.1 
20.0 
12.7 
10.0 
9.7 
9.7 

# # 

+ 

+ 

4~ + 
4~ + 

The Vallet series 

Calculating integral J [Eq. (5)], Vallet accepted other limits than those given 
in Eq. (6). Taking into consideration a change in the limit of  integration, the 
equation given by Vallet [13] may be presented in tbe form 

Z Z 2 Z n 

L(z) ~ L(1) + z -1 + l n z -  1.2! + 2.3! + " ' '  ( - l ) " n ( n _ +  1 ) i -  

- 0.5712798419 (11) 

This series is a rapidly converging one for z < 1, whereas for z > 1 it requires 
a greater number  of  terms to be taken into account.  The calculations carried out 
have proved the above series to be entirely useless in the approximat ion of  integral 
L(z) for  z > 1. 

Doyle's logarithmic equation 

Doyle has reported [4] a relatively simple approximative equation in the 
logari thmic fo rm:  

lOgl0L(z) ~ - 2 . 3 1 5  - 0.457 z (12) 
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The calculations carried out have shown that Doyle's equation may be used for 
30 ___ z < 45, for which range the error B < 3 %. Attention must be paid to the 
fact that error B changes its sign within this range, which substantially reduces 
the accuracy of the calculation of the integral J [Eq. (5)]. The accuracy of the 
approximative equation ___3% for 20<  z < 60, given by Flynn and Wall [15] 
refers to the approximation accuracy of log10 L(z) and not the L(z) value itself. 
Doyle's equation has an approximation error of integral L(z) of B = 10.24 % for 
z = 25, and B = 4.64% for z = 50. For values of z higher or lower than the 
given ones, the error is substantially higher. 

Zsak6's equation 

Based on the tabulated data [16], Zsak6 proposed an approximative equation 
of a relatively simple form [11]: 

where 

exp ( "  z) 
L(z) ~ ( z -  d)(z + 25 (13) 

16 
d = z z _ 4 z +  84 (14) 

According to Zsak6 [11 ], the approximation accuracy of integral L(z) is greater 
than 0.5% for 1.6< z <  18. 

The calculations carried out confirmed Zsak6's opinion on the accuracy of  
approximation by Zsak6's equation of the temperature integral L(z). The approxi- 
mation error is positive within the entire investigated range of the z. Values 
calculated from Eq. (3) are below than accurate D values. The approximation 
accuracy increases with the increase of z, and for z = 70, B = 0.07 %. Within 
the entire examined z variability range, B < 0.5 %. More accurate data are given 
in Table 4. 

Table  4 

B o u n d a r y  va lues  of  z for  the Z s a k 6  equa t ion  for  an a s s u m e d  a p p r o x i m a t i o n  er ror  

1.0 

Approximation error not above 
% 

1.0 1.0 

0.5 

35.0 

0.1 t 0.01 

Ordinal 
number 

0.001 

Sign of 
error 

+ 

Conclusion 

The calculations carried out made it possible to evaluate the accuracy of the 
different equations approximating the temperature integral L(z) at present applied. 
Data given in Tables 1 - 4  designate the applicability limits of the individual 
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approximative equations in relation to the assumed calculation accuracy. Taking 
advantage of the above-mentioned data, attention must be paid to the question 
of  whether the given approximative equation underrates or overrates the value 
of  the temperature integral. In a given cycle of  calculations it is recommended 
to use equations of the same sign of error B, as otherwise the calculation accuracy 
may be substantially lowered. 

Of the analyzed equations, merely Schloemilch's and the asymptotic series 
guarantee a high approximation accuracy, the accuracy of the Schloemilch series 
always being higher than that of the respective asymptotic series. The accuracy 
of  the T u r n e r -  Schni tzer-  Gorbachev equation is higher than that of the Coats - 
Redfern equation. For z > 10, the accuracy of  an eight-term Schloemilch expan- 
sion is equal to that of Doyle's tables. Two other analyzed series, i.e. the Ber- 
noulli and Vallet series, are not very useful in the approximation of  the tempera- 
ture integral. The accuracy of Bernoulli series is not high, despite the high 
accuracy of  the numerical coefficients of the individual terms of  the series. The 
approximation error of the Vallet series increases very rapidly so that it cannot 
be used in calculations for z > 1. 

A relatively high approximation accuracy within a wide range of z is assumed 
by Zsakr 's  approximative equation. For z > 18 its accuracy is comparable with 
that of the T u r n e r -  Schni tzer-  Gorbachev equation; for lower z values, on the 
other hand, the accuracy of  the Zsak6 equation is higher. Due to its simple form, 
the high approximation accuracy within a wide range of z values, the equation is 
very convenient for calculation purposes, especially by means of small pocket 
computers. 

Doyle's logarithmic equation, on the other hand, should be used with great 
care. An approximation error of the temperature integral of lower than 3 %is 
achieved with this equation only when 30 < z < 45, this range being characterized 
by a change in sign of error B. This error should thus be used merely in assess- 
ment calculations. 

From among the above equations, the Schloemilch equation should be used 
for very accurate calculations. Rapid calculations, on the other hand, require 
the use of  Zsakr 's  equation, which is more convenient for these purposes. 

I .  C. 

2. J. 
3. J. 
4. I. 
5. J. 
6 . 0 .  
7. G. 
8. D. 
9. R. 

10. V. 
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Rl~suMI~ -- Dans cette publication, on a cherch6 St 6valuer l 'exactitude des 6quations 
permettant d'atteindre par diff6rentes approximations l'int6grale de temp6rature. On a 
6tudi6 en particulier la possibilit6 d'utiliser St des fins d'approximation, les m6thodes de 
:Schloemilch, Bernoulli, Vallet, Doyle, Zsak6, Coats-Redfern et Turner--Schnitzer--  
Gorbachev. On donne les valeurs aux limites de "z",  au-dessus desquelles l'exactitude de 
l 'approximation d'une 6quation donn6e est sup6rieure ou 6gale St celle qui est suppos6e. 

ZUSAMMENFASSUNG - -  Es werden die Auswertungsergebnisse der Ann/iherungsgenauigkeit 
des mittels verschiedener Ann/iherungsgleichungen erhaltenen Temperaturintegrals gegen- 
tibergestellt. Die Anwendbarkeit  f/Jr N/iherungszwecke der Schloemilch-schen, der asymp- 
totischen, der Bernoulli-schen und der Vallet-schen Serien wird in Abh~ingigkeit v o n d e r  
Zahl der bei den Berechnungen gebrauchten Expansionsausdrticke und v o n d e r  logaritmi- 
schen Gleichung yon Doyle, sowie von den Gleichungen von Zsak6, Coats-Redfern und 
Turner--Schni tzer--Gorbatschev bewertet. Grenzwerte von "z" ,  tiber welchen die N/ihe- 
rungsgenauigkeit einer gegebenen Gleichung h6her oder gleich der angenommenen ist, 
werden gegeben. 

Pe31~oMe - -  B CTaTbe ilpe,ziCTaBJienl:,i pe3yJIbTaTbI Bblq~acJIeFII,I~ rlprx6JIrta~eanol~ TOtlHOCTH TeM- 
rlepaTyprloro rmTerpaaa, noYiyqeuHoro c nOMOI.IIt,lO pa3n~IqHbIX npH6Yl~KennbIX ypaBnerI~I~. 
Bl~aa oueuerla ilprlro~iaOCT~, ~I:Ia IlprI6nrDrenrmlX uene~ cepri-~ IJ_InOM~inxa, aCHMnTOTI, ItteCKHX, 
]3epnyJInri rI BaJIneTa s 3aBHCI, IMOCTK OT xlHc.rla paclttrlpeI-IUt~ix Bslpa~KeHrL~, I, ICnO3Ib3yeMblX B 
BbIq!acneHrlaX H B JloraplaqbMrltlecKoM ypaBi~enrm ~o~a~i, ypaBneHrmx XZaxo, KoyTca--Pe~qbeprla 
a Typnep--IIInrlT!2ep--Fop6a~eBa. ~am, i rpanri,iHl, Ie 3na~eHrlfl <<z>>, Bl, ime I~OTOpI, IX nprt6Jirlx~eH- 
:aaa TO~rlOCT~, ~arlHoro ypaBrlerma al, ime rIarI paBua ~ionycKaeMoMy. 
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